Free N = 4 Super Yang-Mills theory (in the large N limit) is dual to an, as yet, intractable closed string theory on AdS 5 × S 5 . We aim to implement open-closed string duality in this system and thereby recast the free field correlation functions as amplitudes in AdS.
Introduction
Over the last few years we have grown used to the idea of large N gauge theories having a dual description in terms of gravitational theories in higher dimensions [1] [2] [3] .
However, we need to remind ourselves that getting used to an idea is not the same as understanding it. It is fair to say that we do not really understand why or how (some) field theories reorganise themselves into a higher dimensional gravitational description.
Open-closed string duality, we believe, is the underlying mechanism that drives these dualities. But except in the context of topological string dualities [4] [5], we do not explicitly understand how the holes in an open string description close up to form closed string worldsheets. It would clearly be important to understand the nuts and bolts of this mechanism better if we hope to shed further light on the miracles of large N dualities.
A good idea is to begin with the simplest examples. From the field theory point of view, a free theory is as simple as it gets. In particular, N = 4 Super Yang-Mills at zero coupling is believed to be dual to string theory on a highly curved AdS space (zero radius in string units) [6] . It is a measure of our lack of understanding of large N dualities, that we know so little even in this seemingly tractable limit. Interesting attempts to understand the closed string sigma model, in this limit, have not yet yielded fruit [7] [8] [9] . Therefore, as an alternative strategy, we might try to start from the free field theory, which is completely under control, and try to reconstruct the closed string theory, using as our guide the underlying open-closed string equivalence.
Open-Closed String Duality
Let us take this oppurtunity to elaborate a bit on our viewpoint on the general openclosed string equivalence. The leading large N field theory correlation functions (planar diagrams with some number of loops) arise from planar (no handles) open string diagrams with some number of vertex insertions on its boundaries. Viewing this diagram in the closed string channel corresponds to gluing up the holes (while keeping the vertex insertions at finite separation). This is then interpreted as a closed string diagram 2 with the same number of closed string vertex insertions, but with the gluing process having modified the background. We will actually make a stronger working assumption which seems to be indicated by our analysis. We assume that this open-closed string equivalence operates at the level of the worldsheet moduli space. An open string surface with particular locations of insertions and shape gets associated with a particular closed string surface 3 . In other words, the gluing of the open string into the closed string is to be implemented on the integrand in moduli space. A change of variables on the moduli space would then exhibit this to be a closed string amplitude.
Actually, this is probably too general a picture to be usefully implemented. What we will exploit is the simplification coming from the fact that we are working in the field theory limit. Since the N = 4 Yang-Mills theory is obtained as an α ′ →0 limit of open string theory, one should really view the planar open string worldsheets as reducing to planar worldlines.
There is a precise sense in which this happens. The worldsheet moduli space integral reduces to a worldline moduli space integral, more familiar as a Schwinger (or Feynman) 2 To visualise the geometry of the gluing, think of the open string surface as a rubber sheet pinned at the locations of the vertex insertions. We can then imagine bringing together the boundaries of the rubber sheet (keeping the locations of the pins intact) and gluing them so as to obtain a genus zero surface with punctures at the locations of the pins. 3 Of course, the usual counting of moduli for the open and closed string give different dimensions. In our case, the matching of moduli does not appear to be straightforward especially since, as we will see, some of the open string moduli turn into parameters of the additional dimension.
Presumably, this complication is related to the fact that we do not have a CFT description for the closed string on AdS. It is important to understand this better.
parameter space integral for the Feynman diagrams (see, for instance, [10] [11] [12] ). The integrand reduces to a correlation function of worldline vertex operators in a first quantised formalism [13] [14] . The particular simplification of the free field theory limit is that we have a Gaussian free particle action in this first quantised language.
So what we will aim to implement is the process of gluing up of planar worldline loops. It may seem puzzling at first that we have any kind of open-closed equivalence when the worldsheets degenerate to lines.
In fact, what we will see for the simplest class of field theory correlation functions, is that the glued up version of the worldline is also a degenerate genus zero surface -namely, with the topology of a tree. The change of variables on the moduli space, mentioned above, is the one natural to the description of the tree. The new variables will have the interpretation as Schwinger parameters for the tree amplitude in AdS. Thus, even though the theory might be expected to be very stringy we find particle-like amplitudes at least for a class of states in AdS. It appears that the contributions for these amplitudes seem to come from degenerate Riemann surfaces. We will comment on this further on. We will also make some speculations in the concluding section on the appearance of "fat" closed string surfaces from the glued up worldline.
We could go ahead now and examine arbitrary correlators in the free theory in the worldline formalism. But free Yang-Mills (or super Yang-Mills), in the large N limit, has an exponentially large number of single-trace gauge invariant operators for a given dimension [15][16] . This is a reflection of its stringinesss. Implementing our strategy on arbitrary correlation functions of these operators is challenging because the worldlines can have a very complicated topology. Therefore, as a first step, it helps to focus on a subclass of simple operators for which the open-closed duality will be easiest to carry out.
Twist Two Operators
A very natural choice is to consider operators which are bilinear in the fields of the theory (but with arbitrary number of derivatives) transforming as symmetric traceless tensors of arbitrary spin. These twist two operators have several nice features. One is that these operators form a set of higher spin conserved currents of the free theory. Another important feature is that they close amongst themselves under the OPE of the free theory 4 suggesting some kind of consistent truncation to this subsector [17] . Moreover, the leading Thus topologically these are the simplest diagrams where we have just two holes (the inner and outer boundary) to close. In the field theory limit, the worldsheet reduces to a circular worldline (with some number of insertions). So we just have to glue together a single worldline loop to obtain trees. This simplifies our technical task.
The twist two operators are also naturally singled out from the closed string point of view. These operators correspond to the leading Regge trajectory of stringy excitations.
In the zero radius limit these are massless higher spin states in AdS, corresponding to the fact that the currents were conserved in the free theory [15] [18] . In fact, classical interacting field theories of exactly these massless higher spin particles in AdS 5 have been studied by Vasiliev and others (see [19] [20] [21] for instance). That such classical theories exist at all, is some indication that perhaps there is a consistent truncation of the full string theory on AdS 5 × S 5 to this massless Regge trajectory [17] . This also goes with the previous observation of the closure of the OPE in this sector of the gauge theory. It is also perhaps the explanation for why we find a description in terms of particle amplitudes upon implementing open-closed duality on the twist two operators. We should add that, even if true, this kind of consistent truncation would probably only hold for classical string theory (i.e. in the large N limit). In any case, all these facts taken together suggest this sector of the theory to be a natural starting point for implementing our strategy.
Klebanov and Polyakov [22] have, in fact, attempted to isolate the dynamics of this sector by pointing out that the "single-trace" singlet operators in the O(N ) vector model are all bilinears which have similar features to the gauge theory bilinears above and can thus be placed in exact correspondence with the massless higher spin states mentioned above. They therefore conjectured that the large N limit of the vector model was exactly dual to the classical Vasiliev theory 5 . Many of our statements, therefore, can be carried over to the vector model at its UV fixed point. But as mentioned earlier, our strategy should enable us to go beyond the bilinears once we have understood sufficently well the mechanism of the open-closed equivalence in this leading Regge trajectory case. We leave this for the future.
The Organisation of the Paper
Let us now chart out the flow of the paper. In the next section we review the first quantised or worldline formalism. For reasons mentioned above, we will concentrate on the case where the worldline has the topology of a circle. The expressions for a general n-point function on the circle are well known and very similar to those in string theory. As mentioned above, they take the form of an integral over "moduli space" with an integrand which is the result of evaluating the correlation function of vertex operators. Section 3 specialises to the case of three point functions and shows how the integrand can be viewed as the circle glued into a three pronged tree. A similar thing happens trivially for the two point function as well. Section 4 connects this tree structure, that emerges from the worldline, to tree amplitudes in AdS. To that end we first recast the usual bulk to boundary propagators in AdS d+1 in a Schwinger representation. The key property that we want to exhibit is the close relationship to the d-dimensional heat kernel. Using this representation, the three point function in AdS is seen to be simply related to the three pronged tree amplitude of Sec.3 through a change of variables between the two Schwinger parametrisations. This change of variables is independent of the external states and momenta. One interesting feature is that it is essentially the overall proper time modulus that plays the role of the additional dimension in AdS d+1 . work). The free field theory, or the UV fixed point was also conjectured to be dual to the Vasiliev theory on AdS 4 , but with an inequivalent quantisation of the spin-0 field, something that is possible in d = 3 [22] .
Before proceeding further, we devote Section 5 to an old analogy between the Schwinger parametrisation of Feynman diagrams and electrical networks. Roughly speaking, for every Feynman graph the Schwinger parameters play the role of resistors while the external momenta play the role of currents. We exploit this analogy to understand how and why the loop got glued into a tree for the case of the one loop three point function.
It also provides intuition as to why we should expect a generalisation of this process to higher point functions. In fact, these considerations are not special to one loop correlators.
Using take a real scalar field Φ in the adjoint of SU (N ). This will suffice to illustrate the basic procedure. We will remark later on the generalisation to the full free super Yang-Mills.
Let us consider the connected contribution to an n-point function of the gauge invariant operator TrΦ
The corresponding momentum space correlator Γ(k 1 , k 2 , . . . k n ) is given by the double line The locations (or proper times) τ i of the insertions are worldline moduli. There is, in addition, an overall modulus, the proper time τ associated with the invariant length of the circle. From the perspective of the first quantised action of a free particle, τ is the remnant of the world line diffeomorphism and plays a similar role to that of the conformal or Liouville mode in a worldsheet action (for a recent discussion, see [31] .).
Then, the field theory correlation function takes a form very analogous to that of a string amplitude [13] [14] .
2)
The measure for τ is consistent with the U (1) invariance along the circle. The correlator of the worldline vertex operators is evaluated with respect to the free particle action.
A correlation function involving more general twist two scalar operators is again given by a one loop diagram as in Fig.2 . However, the additional derivatives at each vertex are reflected in the fact that the corresponding vertex operators will be linear combinations (depending on the source momentum
. Unlike the infinitely many oscillators of the string, here the point particle equation of motion ∂ In evaluating an arbitrary correlator of bilinears, it is only the vertex operators that are modified as above. The other aspects of the worldline expression remain the same.
In particular, we have the same integral over worldline moduli. Though the details of the tensor structure of the more general vertex operators will be important for detailed matching with amplitudes in AdS, the primary feature of gluing up of the loop will arise from the worldline correlators of e ik i ·X(τ i ) . Therefore we will mostly concentrate on the n-point function in Eq.(2.2).
The correlation function of vertex operators appearing in Eq.(2.2) is easily evaluated by performing the Gaussian integral of Eq. (2.3). The result is that the integrand in moduli space takes the explicit form (see [13] for instance)
6 For a given symmetric traceless tensor, one way to obtain the corresponding vertex operator is to add a source term (∝ e ik i ·x ) to the free field lagrangian, coupling to this operator. Integrating out the fields in this, still quadratic, lagrangian leads to a determinant which can be written as a proper time hamiltonian. In obtaining the determinant one integrates by parts the derivatives, which act on the e ik i ·x and give factors of the momentum k i . The proper time hamiltonian now involves higher power of the derivatives, i.e. proper time momenta p µ , as well as the factor of e ik i ·x , in a definite ordering. The first quantised description involves going to the lagrangian description. To first order in the source, the additional term in the free particle lagrangian is given by replacing the p µ , by ∂ t X µ . This term, linear in the source, is then the vertex operator corresponding to our original symmetric traceless tensor.
where
is the appropriate Green's function on the circle. The δ function enforcing momentum conservation comes from the zero mode integral over the X's. The factor of
is from the determinant of the non-zero modes.
To evaluate the correlation function of the more general vertex operators, mentioned above, is equally straightforward, involving just keeping track of more indices. As usual, an efficient way to obtain them is to introduce a source term j · ∂ t X in the worldline action and carry out the Gaussian integral and take the required number of functional derivatives.
All that essentially changes in Eq.(2.4) is that one has polynomial factors in the external momenta, together with time derivatives of the Green's function, multiplying the Gaussian factor in (2.4).
Going back to Eq.(2.2), the complete expression for the n-point function is
It is this expression that will be our main focus of attention. We will examine it more closely for the three and (to a lesser extent) the four point function. In these cases, we will see how this integral over moduli space for a loop can be viewed in terms of contributions from tree graphs. Fermionic and gauge bilinears can also be incorporated into the worldline formalism [32] . This is best done by including a worldline grassmann superpartner ψ µ to the X µ and appropriately supersymmetrising the free worldline action. The natural description for the action and vertex operators is in terms of a worldline superfield which is integrated over a supermoduli space. The expressions for the one loop correlation functions are reductions of analogous superstring ones. Once again the essential features are captured by Eq.(2.6).
We refer the reader to [14] and the review [33] for more details and references.
The Three Point Function
Having set up the worldline formalism for the n-point function of bilinears, we will now see how the worldline gluing process takes us from the one loop diagram to a treelike structure, in the particular case of the three point function. Logically, one should start with the two point function. But the gluing process is somewhat trivial there and we shall relegate it's discussion to the appendix.
Once again, to keep things uncluttered we will begin with the n = 3 case of Eq. (2.1), or rather its momentum space version in (2.2), which was evaluated in (2.6).
The momentum conserving delta function helps in simplifying the kinematic invariants appearing in the exponent, in Eq.(3.1). Thus 2k
We recognise the integrand to be
where the indices i, j, k are a cyclic permutation of {1, 2, 3} and ⊔ ⊓ is the d-dimensional
Laplacian whose eigenkets are denoted by |k .
That this heat kernel representation is already a glued up version of the original loop diagram can be most clearly exhibited by going to position space. We can easily do the Gaussian integral over momentum (after introducing a centre of mass variable z as lagrange multiplier for the delta function).
The last line exhibits the position space heat kernel representation clearly as a tree amplitude -the product of free particle amplitudes to propagate from each x i to a common vertex z (which is then integrated over). 7 Recall that the heat kernel or propagator in position space is given by
Pictorially, we may depict the process of gluing as in Fig. 3 . In the next section we will see that this tree is precisely a tree amplitude in AdS d+1
once we make a change of variables in Eq.(3.4) into Schwinger parameters for the tree.
But before we proceed, let us comment on the three point correlation function of arbitrary bilinears. As mentioned in the last section, the only changes are multiplicative factors consisting of polynomials in the external momenta (and α i ). Since the crucial Gaussian factor is unchanged, we see that in position space, we continue to have the tree structure of 4. The Three Point Tree Amplitude in AdS
The Bulk to Boundary Propagator in AdS
To compare the tree of the previous section with the tree amplitudes in AdS we will find it useful to write the bulk to boundary propagators for various fields in a somewhat unconventional manner. We have mostly focussed attention on correlation functions of TrΦ 2 . The dimension of this operator is (d − 2) in the d-dimensional free theory. The
AdS/CF T dictionary [2] [3] then tells us that it couples to a scalar field in AdS with
. Hence let us start with the bulk to boundary propagator of such a scalar field. This is a solution of the wave equation for a scalar in AdS d+1 (where we set the radius of AdS to one)
which is proportional to a delta function when the position in the bulk approaches the boundary. Here we are working with Euclidean AdS d+1 in the natural Poincare coordinates
and ⊔ ⊓ is the d-dimensional Laplacian in the directions z (or simply z when there is no risk of confusion) that parametrise the boundary on which the dual field theory resides.
In terms of the coordinate t = z 2 0 and K = tK, Eq.(4.1) takes the form
If the last term were absent, this would have been the heat equation and the solution would have simply been the heat kernel e t⊔ ⊓ . However, solutions to (4.3) can also be expressed in terms of the heat kernel. Thus the usual bulk to boundary propagator is given by a solution of the formK
Thus, K(t) = tK(t) is expressed in terms of a convolution over a heat kernel in terms of the parameter ρ. It is easy to verify that this is just a Schwinger parametrisation of the familiar bulk to boundary propagator (with
In momentum space [2] , Eq.(4.4) is nothing more than an integral representation of the bessel function that the bulk to boundary propagator is proportional to.
This close relation to the d-dimensional heat kernel is the main reason why the glued up tree of the previous section can be related to a tree amplitude in AdS. Though we have shown this for the scalar and that too for its bulk to boundary propagator, it is clear that wave equations for higher spin particles in AdS can also be put into a similar form as (4.3) which exhibits the close relation to the heat kernel. Similarly bulk to bulk propagators will also be expressed in terms of d-dimensional heat kernels, as we will see explicitly in Sec. 6.
The Three Point Function
Let us write down the tree amplitude for the three point function of the above scalar in this Schwinger representation. If there are no derivatives in the cubic couplings of scalars (something that can presumably be achieved by a field redefinition [35] ) the point particle amplitude is (using Eqs. (4.5), (4.4) )
Note the close similarity with the integrand of the worldline expression Eq.(3.4) particularly the striking closeness between the radial coordinate t and the proper time τ . However, here instead of integrating over the worldline moduli of the loop we have an integral over Schwinger parameters for the tree. There is a simple change of variables between the two which makes the two integrals identical. This is suggested by the relations in Fig.3. between the loop and the tree. We simply have to put ρ i = ρα i , where ρ = i ρ i . Which we can implement by introducing ∞ 0 δρδ(ρ − i ρ i ) = 1 into the integral and changing to variables α i . Finally, we make the change
which relates the proper time τ to the AdS radial coordinate t. The integral over ρ decouples, only contributing to the overall constant which we have dropped all along, and Eq.(4.6) becomes Eq.(3.4).
A number of comments are in order here. The change of variables that we made was independent of the external momenta or positions and even of the number of space time dimensions. It is the kind of change of variables one might expect in going between a parametrisation of open string moduli space and one of the closed string. In fact, in generalising to the three point function of arbitrary bilinears, we expect that the same change of variables will be sufficent. This is essentially because both the exponent and the measure on moduli space continue to be the same for the general three point function. Of course, it is not guaranteed that the multiplicative tensor structures will work out right.
This is where, we believe, the supersymmetry and the special field content of d = 4, N = 4 Yang-Mills will play a special role. After all what we have done so far works for any free scalar theory in any dimension. It is likely that it is only in the case of N = 4
Yang-Mills that the tensor structure encoded in the multiplicative factors would also match with that from the bulk to boundary propagators for massless higher spin paricles.
There is some evidence for this contention. Indeed, in the early days of the AdS/CFT correspondence, a free field computation of the (two and) three point function of R-currents (which are bilinears in the fields) in N = 4 Yang-Mills was compared to supergravity [36] . .) It will be very interesting to flesh this connection out further.
The Electrical Network Analogy
At this stage, it might seem that the results of the previous section are due to the special nature of (two and) three point functions which are largely constrained by conformal invariance 11 . What we would like to motivate in this section is that the basic mechanism which is operating is indeed open-closed duality, (in the limit where the Riemann surfaces on both sides have degenerated to graphs). And that this mechanism can generalise to arbitrary diagrams.
We recall that there were two main steps in the process of going from the field theory 3-point function to the AdS amplitude. The first was to argue that the worldline formulation of the field theory loop could be seen in terms of trees involving free particle heat kernels. The second was to show that these trees were indeed tree diagrams in AdS. The latter turned out to be true essentially because the wave equation in AdS implied a close 10 We thank S. Wadia for pointing this out. connection between propagators in AdS d+1 and free particle heat kernels in d dimensions.
A change of variables on the moduli then demonstrated the identity of the two tree amplitudes. The first step of gluing loops into trees is the one where the geometric mechanism of open-closed duality seems to be operating. To better understand how this operates, and generalises to arbitrary correlation functions, it will be very useful to revive an old analogy between Feynman diagrams and electrical networks.
The first indication that such an analogy might be present, and important for us, is the observation that the loop-tree duality in Fig. 3 is similar to the standard "star-delta" equivalence in electrical networks 12 . In fact, there is a precise connection. If one views the "delta" (loop) diagram in Fig.3 as an electrical network with resistances R i in each of the sides, then this network is exactly equivalent to that of the "star" or tree diagram with resistances (R j R k / R i ) on the legs as shown in the figure 13 This may be verified using elementary considerations of Kirchoff's laws. The essential idea involves eliminating the current flowing in the loop from the equations so that we are reduced to an equivalent tree diagram without that loop (see, for instance, [44] ).
This is not just a coincidence. There is an analogy between Feynman diagrams and electrical networks going back to the 1960's (see, for instance, chapter 18 of [45]
). An arbitrary Feynman diagram, expressed in Schwinger (or Feynman) parametrisation, has a natural interpretation in electrical network terms. The Schwinger moduli can be identified with resistances. And the external, as well as internal, momenta with currents flowing in the respective legs. The process of carrying out the integrals over loop momenta is then equivalent to elimination of the internal currents using Kirchoff's laws 14 . The result is a generalisation of our one loop worldline expressions -an integral over Schwinger moduli space of an integrand that depends on the external momenta. In particular, the crucial piece is a Gaussian exponent as in (2.4), which is proportional to the power consumed in the equivalent circuit. This is clearly visible in (3.2) where the exponential factor is the 12 We thank Justin David for this observation which was instrumental in our pursuing this line of thought. 13 Star-triangle relations crop up very often in physics and mathematics. In a related context, see [43] . 14 This can be seen in the Schwinger parametrisation where one is performing Gaussian integrals over the internal momenta. The exponent has the interpretation as being the power consumed in the Feynman diagram. The Gaussian saddle points are precisely the Kirchoff equations for voltages.
power consumed in the equivalent tree circuit of Fig. 3 . For a recent review of (and earlier references to) the expressions for a general Feynman diagram as well as their electrical interpretation, see [46] .
What is of interest to us is the tree structure obtained after elimination of the loop momenta/currents. In the language of circuits it is intuitively plausible that this process of elimination of loop currents results in an equivalent tree structure. The external currents in various linear combinations would flow through the various legs of this tree. For instance, the expression for the power in the equivalent circuit, which appears as the Gaussian exponent in the integral can be written down explicitly. For a general l loop diagram, it is given in graph theoretic terms [46] This expression can be interpreted as the power dissipated in an equivalent tree circuit in which currents ( k) flow in legs whose resistances are ∆(α) −1 ( l+1 α). The topology of this tree circuit seems somewhat intricate in general. We will examine the case of the one loop four point function somewhat more in the next section. However, we will postpone a more general analysis to future work. But hopefully, what should be clear from the above considerations is that the gluing up of loops into trees is not particular to two or three point functions. What we are seeing is an implementation of open closed string duality, in the limit of degenerate worldsheets. And the electrical analogy gives us useful intuition for visualising this process.
When there are multiple loops it is likely that the glued up tree is effectively a thick or "fat" worldsheet, at least in the limit where a large number of loops are present. The latter would be true for correlation functions of, say, TrΦ J for large J. It would be nice to make a connection with the BMN picture [47] of a closed string worldsheet emerging from operators like this carrying a large number of bits.
The Four Point Function
Armed with the intuition from electrical networks, we will take a first look at the four point function. Here we will only try to convince the reader that the worldline diagram does glue up in the right way as expected from the duality to AdS. A detailed check will be postponed to the future.
As usual we will restrict our consideration to the four point function of TrΦ 2 , only briefly indicating the generalisations. The worldline expression is given from (2.2) to be
The integral over moduli space can be broken into six cyclically inequivalent orderings of the four insertions. Of these three are related to the others by a worldline reflection τ →−τ .
The three inequivalent orderings correspond to three inequivalent Feynman diagrams that can contribute to this amplitude. As mentioned in Sec. 2, when there are several flavours of scalars (as in N = 4 Super Yang-Mills) then some of these diagrams might be absent due to the structure of the flavour indices. This can easily be incorporated into the considerations below.
Let us look at a specific time ordering (1234) of the insertions around the circle.
The worldline expression is given by Eq.(2.6) with the caveat that the integral over τ i is restricted to the above time ordered domain. The all important Gaussian factor in the integrand can be rewritten using the delta function constraint on the momentum as
2 ) . We would like to claim that this tree structure, which the loop is glued into, is what is needed for the AdS/CF T duality. If we consider the four point amplitude in AdS in a point particle limit, it is given by a set of tree diagrams (see [48] and references therein to the large literature on AdS four point functions). In the point particle limit (unlike in a worldsheet description) one separately sums over diagrams in s, t, u channels built from three point vertices. These diagrams are as in the tree of Fig. 4 (minus the horizontal line). In a given channel, say s, there can be an infinite set of intermediate states. We will now try to argue that the horizontal line in Fig. 4 captures an infinite summation in the s-channel.
To interpret the horizontal resistor as a sum over infinitely many states, let us go back to (6.2 For four point functions of more general twist two operators the logic is very similar since we have the same Gaussian factor. There is, in addition, a multiplicative factor in the momenta which contributes to the spin of the exchanged state. The intermediate states are still in the leading Regge trajectory following the arguments of the previous paragraph.
The AdS Four Point Function
Though we will not make a detailed comparison with the four point function in AdS at present, we will look at the glued up worldline answer in position space and exhibit the closeness to AdS amplitudes. Using (2.6) and (6.2) the full worldline expression for the four point function, in the external ordering (1234), is
2 ) .
(6.4)
We will expand the factor of e −τ α 1 α 3 (k 1 +k 4 )
2 and take the fourier transform term by term.
Let's look at the leading term in this expansion. We can do the Gaussian integral over the momenta after introducing a lagrange multiplier as in the case of the three point function. The presence of the term proportional to (k 1 + k 2 ) 2 in the exponent of (6.4) suggests introducing another lagrange multiplier. That is we rewrite the momentum conserving delta function as
(6.5)
We now carry out the fourier transform with respect to the momenta k i and also perform the integral over k s . Following steps similar to that in Sec. 3 we readily get the position space expression
(6.6)
Note that there are two intermediate positions z, w that have to be integrated over. In this form we have clearly exhibited the s-channel tree structure of fig. 4 , in position space.
Higher powers in the expansion of e
2 can also be Fourier transformed in a similar way. Since the integrals are still Gaussian, the basic structure of (6.6) persists.
There are now multiplicative tensor structures in x µ i , z µ , w µ which are necessary for the description of the exchange of higher spin states, as well as conformal descendants.
As we saw in the case of the three point function, the above heat kernel structure of the tree was important for transforming the integrand into an AdS amplitude. This was essentially because the AdS bulk to boundary propagators bore a close relation to the d-dimensional heat kernel. To match terms as in (6.6) to a contribution to the s-channel four point amplitude in AdS, the bulk-to-bulk propagator in AdS will also have to make an appearance. Since it too is a solution to the wave equation in AdS (albeit with a delta function source), it is not surprising that it can also be naturally written in terms of the heat kernel. For instance, the scalar bulk-to-bulk propagator in position space can be written in the Schwinger representation (see Appendix B)
where as before we have redefined
. This representation is a generalisation of (4.4) and is already in a suggestive form in relation to the worldline expressions. Note that the n = 0 term in (6.7) dominates as one of the bulk points approaches the boundary, and is proportional to the bulk to boundary propagator in (4.4) . This is identified with the contribution of the conformal primary TrΦ 2 . The higher powers of n can be identified with the contribution of spin zero conformal descendants ⊔ ⊓ n TrΦ 2 of this operator [49] [50] 18 . Similar representations exist for higher spin particles. So all the right ingredients are present for a match with the field theory.
What remains to be seen is that all these ingredients can be put together and an appropriate change of variables be made on the Schwinger parameter space so that the worldline expression goes over into an AdS amplitude. Moreover, the intermediate states exchanged in any channel have to be in the leading Regge trajectory. We hope to verify this conjecture in detail in future work. Our intention here has merely been to make it plausible to the reader that our considerations for the three point function generalise nontrivially to the fourpoint function.
Final Remarks
We have taken some small steps here in trying to understand how free field theory could reorganise itself into a theory of closed string modes on a higher dimensional AdS space. Essentially, we have sought to carry through the logic of open-closed string duality.
We hope to have made the case that the worldline representation of the field theory is a natural framework within which this can be done. This was, perhaps, to be expected because it is the appropriate limit of the open string. But, in addition, as we saw in Sec. We, however, need to go beyond a case by case change of variables and find a way to understand this in more generality. This will require some more insight into the relation between the open and closed string parameters. Rather than working with some particular coordinatisation, as we have been doing, we perhaps need a more invariant characterisation of the respective moduli spaces.
Actually, the entire discussion of the last paragraph is unavoidably tied up with the issue of the closed string description of AdS[51] [52] . 19 We have been trying all along in this paper, to bypass this issue by restricting ourselves to the twist two operators. The idea, as mentioned in the introduction, is that the dual description of this sector might conceivably only involve a point particle like limit of the string on AdS. Apart from the existence of a consistent classical theory of the massless higher spin fields, there is another source of intuition for this guess. All attempts that have been made to study closed strings on AdS in the zero radius limit have found evidence for some kind of bit picture emerging from the closed string worldsheet [7] [8] [9] . These bits or partons are to be identified with the Yang-Mills fields. The bilinear operators are then those with the smallest allowed number of bits, namely two. We therefore expect this case to be one where the worldsheet is slimmest and thus closest to that of a point particle. To fatten the worldsheet, we would need a large number of bits, as is familiar from usual lightcone considerations or, more pertinently, in the BMN picture [47] . In any case, our computations, to their limited extent, seem to bear out this working hypothesis for the leading Regge trajectory. all, the free field Laplacian entering in the worldline formalism also has such a symmetry [53] (see also [54] ).
Another clue should come from the generalisation to operators with more bits. As mentioned at the end of Sec. 5, correlation functions of operators like TrΦ J for large J will have many worldlines (and loops). It should be possible to examine the Schwinger parametrisation of these correlators and see an effective thickening of the worldsheet. It has recently been proposed [55] that there is a huge Yangian symmetry that acts on the set of all free partons which is related to the non-local symmetries of the sigma model on AdS [56] [57] [58] . This would be a generalisation of the higher spin symmetries of the bilinears.
The idea of seeing an infinite number of unbroken symmetries in string theory in the limit of α ′ →∞ 20 goes back to Gross [59] [60] . Some of the features found in [60] , such as the contribution only of special kinds of worldsheets in high energy amplitudes, seem to have an echo in our considerations.
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At nonzero coupling (or finite α ′ ) we expect these symmetries to be higgsed [18] [24] [61] .
The open-closed string duality would, nevertheless, continue to hold. We note, in this context, that the electrical analogy holds for arbitrary Feynman diagrams, including that of an interacting gauge theory. Hence we expect the gluing of loops into trees to be implemented in the worldline formalism even at non-zero coupling. The generality of the worldline formalism might also be useful in trying to extend the open-closed string duality to nonsupersymmetric gauge theories. Perhaps this will also enable us to tie these gauge string dualities with the "other" kind of open-closed duality that takes place in the process of tachyon condensation (see [62] [63] for recent discussions). 
Appendix A. The Two Point Function
The two point function is a simple illustration of the ideas in the main body of the paper. The worldline expression for the two point correlator is given from Eq.(2.6) to be, after some obvious change of variables
where β is arbitrary since the integrand is actually independent of it. This is more conventionally written in terms of the reduced form
Eq. (A.2) is a straightforward example of the gluing up process and its interpretation in terms of the electrical analogy. The loop with two insertions is glued up into a tree which is just a line segment in this case. In electrical terms, this is just the elementary fact that two parallel resistors (in this case proportional to the parameters α and (1 − α)) can be replaced by a single equivalent resistor (proportional to α(1 − α) for us). This is evident from the exponent in (A.2).
As before, the position space expression corresponding to (A.1),(A.2) is
As in the case of the three point function, the position space expression clearly exhibits the glued up form of the loop. We will relate (A.3) to the two point amplitude in AdS.
The latter is essentially proportional to the convolution of two bulk-to-boundary propagators 22 so that just as in (4.6) we have
A change of variables to ρ 1 = ρ(1 − β), ρ 2 = ρβ and introducing a trivial integral over α makes this take the form
We can now relate t to the proper time τ through
Note the similarity to Eq.(4.7). The integral over ρ decouples and we are left with
Modulo the overall divergent factor from the decoupled β integral, (A.7) coincides with Eq.(A.3) for d = 4, the case of interest. The overall divergence is not unexpected given the comments in the previous footnote. 22 We are being a little cavalier here. Actually, there are contributions from gradient terms as well. However, because of the equation of motion, these are related to each other and one is left with a boundary term which needs to be treated carefully [64] . Since our interest is not in reproducing the right normalisation factors, but rather in seeing how loops glue into AdS trees, it suffices to consider the product of two bulk-to-boundary propagators. The price we will pay is that some expressions will be formally divergent.
Appendix B. The Scalar Bulk to Bulk Propagator
The position space bulk-to-bulk propagator in AdS for a scalar field corresponding to an operator of dimension ∆ is usually put in the form (see for e.g. [49] ) 
Using the expansion
and redefining z 2 0 = t 1 , w 2 0 = t 2 , we can write the bulk-to-bulk propagator in a Schwinger parameter expansion very similar to Eq. (4.4) .
Here we have used the Schwinger representation
as well as the identity
Appendix C. Divergences and the UV-IR Relation
Let us consider the free field theory in an arbitrary curved background (or more generally one in which some of the higher spin fields also have an expectation value). The action is still quadratic but the effective action is now a complicated nonlocal functional of the metric (and other fields). There are some UV divergences in this effective action, but they are local in the background fields. This is familiar from the study of quantum fields in curved space. The conventional way to isolate these divergences is, in fact, the heat kernel or proper time expansion. This involves studying the proper time representation of the effective action in the background and putting a UV cutoff ǫ at small proper times to regularise the expression. We then make a small time expansion and isolate the leading divergent pieces.
What we would like to remark here is that the same structure of divergences is present in the effective action on AdS as a functional of the boundary values of the metric (and other fields). The difference is that these divergences are now in the IR and can be regularised by an IR cutoff ǫ ′ in the radial coordinate of AdS. This fits in well with our picture where the proper time essentially transmutes itself into the radial coordinate of AdS.
C.1. The Heat Kernel Expansion
The effective action for, say, the free adjoint scalar field in a curved background h µν is given in a heat kernel representation. has the well known Schwinger-Dewitt expansion in terms of local functionals (see [65] for instance)
where the . . . indicate terms which give UV finite contributions. The sum over j is a derivative expansion. The a j (z) are the familiar Schwinger-DeWitt coefficents which are curvature invariants built from h µν and having a total of 2j derivatives of the metric. Thus (with the appropriate normalisation which we have omitted) a 0 = 1, a 1 (x) = in (C.2) has a logarithmic dependence on τ and gives rise to a logarithmically divergent term which is responsible for the conformal anomaly.
C.2. Comparison to AdS
The measure in (C.3) has the right structure to be that of AdS d+1 . In fact, the form of the integrand is also what one would have for a classical action on AdS evaluated onshell.
When we speak here of a classical action on AdS we do not have in mind some kind of Einstein-Hilbert action or supergravity variant. It could be more like a string field action involving an infinite number of derivatives as in the Vasiliev theories.
But already at the level of the Einstein-Hilbert action, one sees a very similar structure, on-shell, to (C.3). One solves Einstein's equations on AdS d+1 with an asymptotic boundary metric h µν (z) by parametrising the bulk metric to be
where as t→0 h µν (z, t)→h µν (z) = h µν (z). The observation of Fefferman and Graham [66] was that one can solve for h (2) µν (z), h µν (z). Putting this back into Einstein's equations, gives [37] 1 2 ) piece of (C.6). For the full N = 4 Yang-Mills multiplet, they found precise agreement.
Our purpose here is just to point out that the similarity between (C.2) and (C.6) is another signature of the role of the proper time representation of the field theory in reconstructing the bulk description. The connection between the radial coordinate and the the propertime shows up clearly over here 23 . In the examples that we have seen, such as (4.7) and (A.6), the two have been multiplicatively related to each other. Thus, though the cutoffs ǫ and ǫ ′ cannot be directly identified with each other, because of their multiplicative relation the logarithmically divergent pieces can be compared. This is also related to the fact that the power law divergent terms for j < d 2 are prescription dependent in the field theory whereas the logarithmically divergent one isn't.
Similar calculations including backgrounds for scalar fields in AdS have been carried out in [67] with very similar results to the corresponding heat kernel expansion in field theory. Perhaps utilising the higher spin symmetries of the free laplacian [53] one might be able to relate the heat kernel in an arbitrary quadratic background to on-shell actions of the Vasiliev type, generalising the remarks in this section. 23 It is interesting that the natural parametrisation for the AdS metric (C.4) in [66] [37] employs t rather than the more common z 2 0 = t.
